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AN EXISTENCE THEOREM FOR A CERTAIN DIFFERENTIAL EQUA- 
TION OF THE nlE ORDER* 

BY 

WILLIAM RAYMOND LONGLEY 

1. The usual method for investigating the solutions of a differential equa- 
tion of the nth. order in the neighborhood of a singular point has been to reduce 
the problem to a system of n equations of the first order. This procedure 
was adopted by Poincar6f and others for the treatment of equations of a 
general form, and the results obtained have been summarized and simplified 
by Dulac.J No explicit statement has been made concerning an equation 
of the form 

d n y N ax + by + 



(1) 



dx n D ax + fry + 



where N and D are convergent power series in x and y vanishing for x = , 
y = , but an application of the general theory yields the following informa- 
tion concerning the integrals in the neighborhood of the values x = , y = . 
Equation (1) may be reduced to the system 

(2) te = c + y » -Tx = c ' + V *> •••' -&r = D> 

where c , c% , • • • , c„_i are arbitrary finite constants and the initial values of 
the variables are all zero. If X = a + c/3 is not zero then the variables can 
be expressed as power series in terms of a single quantity z; that is, 

(3) x = x(z), y = y(z), ••-, y«-i = yn-i(z), 

such that if z satisfies an equation 



(4) Jt-^ + ^P' 



dz 

21 

then the functions (3) will satisfy the system (2). The quantity P is a power 

* Presented to the Society, December 30, 1913. 

fJournal de math6matiques, ser. 4, vol. 1 (1885), p. 167, and vol. 2 (1886), 
p. 151. 

{Bulletin de la sociSte' math6matique de France, vol. 40 (1912), 
p. 324. 
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series in z whose coefficients depend upon the system (2). The solution z of 
equation (4) can be expressed as a power series in 6 = h^' ,h being an arbi- 
trary constant. After substitution of this expression in the system (3), 
6 can be found in terms of x from the first equation and, when this value is 
put in the second, y is obtained as a function of x which satisfies equation (1). 
This solution involves the n — 1 finite constants c , Ci, • • • , c„_i , which are 
arbitrary except for the condition a + c@ 4= . The exact form of the solu- 
tion is not given and its construction by this general method would involve 
a number of transformations and considerable calculation. 

The object of the present paper is to obtain this result directly in explicit 
form and to derive results in some cases for which a + cfi = . 

2. By setting y = x(c + v) , where v is to be determined as a function of x 
vanishing with x , and c is a constant, equation (1) becomes 

d n v d n ~ l v _ a + b(c + v) + xN ' 
x dx 11 + n daF* = ^+Jic^7H r xD' ' 

If a + c/3 =|= the second member can be expanded as a power series in x 
and v , and the equation takes the form 

d"v d n-1 v . . 

^ X dx 1 > + n dx 1 ^ [ = a °° + ai ° * + ° 01 V + '" + aii ** ^ + 

Suppose a solution is assumed in the form 

(6) v = c 2 x + c 3 x 2 + • • • + c„_i x n ~ 2 + c„ a;" -1 + • • • + c^ a;™ + • • • . 

On substituting this value of v in equation (5) and equating the coefficients of 
corresponding powers of x , it follows that c% , eg , • • • , c„_i may be chosen 
arbitrarily, while the remaining coefficients of the series (6) are uniquely 
determined by 

\nc n = ooo, 



(7) {m(m-l)---(m-n + l) 

+ nm(m — 1) • • • (m — n + 2) }c m+ i 

= Fm+l ( 0,ij , C2 , • * * , C„_i ) , 

where ^^+1 is a rational integral function of c 2 , • • • , c„_i and the coefficients 
a>i}(i+j <m — n). 

The convergence of the series (6) can be demonstrated by comparing it 
with the solution of 

cf _1 M , , , • • 

(8) -jjjr^i = a 00 + a l0 x + a n u+ ••• +a iJ x , u> -\ , 
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the coefficients a'ij being positive constants equal to the absolute values of 
the an. By Cauchy's fundamental theorem it is known that this equation 
has a solution for u as a power series in x which is convergent for values of x 
whose moduli are sufficiently small. The solution is 

(9) U = OtiX + ••• + «„_i X"~ 2 + On X"* 1 + • • • + (Xm+i x m + ••• , 

where at, • • - , a«_i are arbitrary. The remaining coefficients are determined 

by I i 

\n — 1 a n = a 00 , 

(10) , 

to(to — 1) ••• (to — n + 2)a m+ i = K J+ i {a'ij, a 2 , ••• , a„_i). 

The function F' m+l in equations (10) is a rational integral function of the same 
form as i^m+i in equations (7), the coefficients being all positive and greater 
than the absolute values of the corresponding coefficients in Fm±i . It follows 
then that the absolute value of Cm+i is less than own for every m provided 
«2 = c% , • • • , a„_i = c n -i . Hence the series (6) converges for at least the 
same range of values as the series (9). 
The solution of equation (1) is now given in the explicit form 

y = ex + c 2 x* + ••• + c„_i x n ~ x + • • • + c m x m + •• , 

where c , d , • • - , c„_i are finite constants, arbitrary except for the condition 
a. + c/3 4= . The remaining coefficients are uniquely determined in terms 
of the arbitrary constants and the coefficients in the differential equation. 
This statement contains the information which may be derived from the 
general theory as summarized by Dulac. 

3. The preceding method may be applied without alteration to the case 
when in equation (1) the lowest terms in N are of degree p, and the lowest 
terms in D are of degree q if p is q . If the terms of lowest degree in D are 

D x* + Z»i x"- 1 y + •■• +B a y\ 

the assumption concerning the constant c is 

D + D lC + ••• +Z) 9 c« + 0. 

Geometrically this assumption is expressed by saying that the integral curve 
is not tangent at the origin to a branch of the curve D = . 

The existence theorem may now be stated in the following form: 

Theorem. Given the differential equation 

.„, d n y N N xv + NiX*- 1 y -\- • • • +N p y"+ ••• 



dx n D D x« + Di x 9 - 1 y + • • • + D q y* + • • • 
in which N and D are convergent series in positive integral powers of x and y 
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and j)gg. If 

(C) D0 + D1C+ ••• + £ 4 c«#0, 

iAen tfAere e:mfc a solution expressible in the form 

(S) y = ex + llciX*, 

which is convergent for values of x whose moduli are sufficiently small, and the 
coefficients of the first n — 1 powers of x are arbitrary except for the condition 

(O. 

The fundamental theorem of Cauchy applies to an equation of the form 

d n v n 

in which P is a series in positive integral powers of x and y, and asserts the 
existence of a solution of the form ( S ) in which the coefficients of the first 
n — 1 powers of x are entirely arbitrary. The difference in the results may 
be stated geometrically by saying that for equation (11) the regular integral 
curves through the origin may go in any direction, while for the equation 
(E) they may go in any direction not tangent to a branch of the curve D = 
(excluding always the direction of the y-axis). 

4. We now return to equation (1) in which the numerator and denominator 
contain terms of the first degree and inquire for integral curves tangent at 
the origin to the curve D = . We ask if the equation can be satisfied by 
expressing y as a series in positive integral powers of x" , where a is a positive 
constant. Since dy/dx = — a/j3 = c for x = 0, we make the substitution 
y = — ax/P + v, and v is to be determined as a series in x" containing ** 
as a factor, where k is a positive number greater than unity, and satisfying 
the equation 

d n v Ax + by + P 2 

(12) dx n ~ /3» + & " 

In this equation P 2 and Q 2 contain no first degree terms, and ft A = a/3 — ba. 
Let the term in Q2 of lowest degree independent of v be x r . Then r is an in- 
teger greater than unity. Suppose that A is not zero, which means that the 
curves N = and D = are not tangent at the origin. 
Let a solution of equation (12) be assumed in the form 

(13) v = lx k + mx h+,r + ■ • • (.1 * 0). 

After multiplying equation (12) by the denominator of the second member 
and substituting the value of v, the index of the lowest power of x must be 
the same on each side of the equation. Two cases are to be considered. 
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I. Suppose k is not an integer less than n. If k is not greater than r , the 
lowest term in the left member is of degree 2k — n , and in the right member 
is of the first degree. Hence k = (n + 1) /2 , which is possible only if n is 
even. If k is greater than r, the index equation is k — n + r = 1, which is 
contrary to the assumption that k is not an integer less than n . 

II. Suppose k is an integer less than n . If a is not an integer, the index 
equation is 2k + <r — n = 1 ork + a + r — n = l, which contradicts the 
assumption that a is not an integer. If a is an integer it may be taken as 
unity without loss of generality. The lowest power of x in d n v/dx n will be 
x q , where q is zero or a positive integer, and the index equation becomes 
k + q = 1 , which contradicts the assumption that k is greater than unity, or 
r + q = 1 , which is impossible. 

The preceding argument shows that equation (1) may admit a solution 
for y expressible as a positive power series in x" ( a > ) such that dy/dx = 
— a/fi when x = 0, only if n is even. If such a series exists the first two 
terms will be 

(N) y = -^x + W n+1 W+ •••. 

5. We shall consider in detail the case when n = 2 , and show that equation 
(1) admits a solution for y as a power series in x i . On introducing £ as the 
independent variable by the relation x = ^ , equation (1) becomes 



(14) TFAZ-W2- 



hi 



d?y dy 1 a!- 2 + by + 
4if 3 1 *de ~ dl j = a? + I3y + 



Following the condition (N) it is convenient to set 

where v is to be determined as a power series in £ vanishing with £ . Then 
equation (14) takes the form 

run J 2 " , kc* i on . >> 4^4 + £P 

(15) ?a? + ! *dk + 3 « + t) - ia + ih + tQ.> 

in which P and Q are series in £ and v . The constant I is determined by 
setting £ = , v = which gives 3/3Z 2 = 4A . The second member of equa- 
tion (15) can be expanded as a power series in £ and v, and the equation 
becomes 

d v dv 

(16) ?— + %- + &, = AS+---+A u pii+ ■•• «+i>D. 

Let a solution be assumed in the form 

(17) v = at £ + a 2 e + • • • + an P + • • • . 
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The equations for the determination of the coefficients are 

(18) (5 + Q)ax = A, •••, {n(n- l) + 5w + 6}a» = F n . 

The quantities F n are rational integral functions of An (i + j tk n) , and the 
coefficients in equation (17) are uniquely determined. 

The convergence of the series (17) can be demonstrated by comparing it 
with the solution of 

Q/U 

(19) 5$-jZ+tot- A'£+ ••• +A' t ,?v? + ••• (i+i>D, 

the coefficients A\j being positive constants equal to the absolute values of 
the An . If a solution is assumed in the form 

(20) u = a x £ + • • • + a„ f + • • • , 
the equations for the determination of the coefficients are 

(21) (5 + Q)ax = A', •■-, (5n + Q)a n = F' n . 

In equations (21), F'„ is a rational integral function of the same form as F„ 
in equations (18), the coefficients being all positive and greater than the 
absolute values of the corresponding coefficients in F„ . Evidently the abso- 
lute value of a„ is less than an for every n . Now equation (19) is the well- 
known equation of Briot and Bouquet* which admits a solution of the form 
(20) if the coefficient of u (in this case 6/5) is not a negative integer. The 
series (20) is therefore known to be convergent for values of x whose moduli 
are sufficiently small. Consequently the series (17) is convergent for at least 
the same range of values. 

The conclusion is that if a/3 — ha 4= 0, then equation (1), in which n = 2, 
admits a solution of the form 

V = --pX + xtp, 

where P is a power series in x i . 

When this result is combined with that of the theorem above, we can make 
the following geometric statement concerning a differential equation of the 
form (1) and of the second order. If the origin is an ordinary point on each 
of the curves N = and D = , and if these curves have distinct tangents 
at the origin, then, in every direction through the origin (except, perhaps, 
tangent to the #-axis) there passes one integral curve. These integral curves 
are all regular except the one tangent to the curve D = . This one has a 
branch point at the origin. 

It has been said above that for n even the equation (1) may possibly admit a 

•Journal de 1 ' 6 c o 1 e polytechnique, vol. 21 (1856), p. 161. 
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solution of the form (N) . For n greater than 2 the search for such solutions 

involves the terms in D of order higher than the first and the investigation 

will not be undertaken in this paper. 

Sheffield Scientific School, 

New Haven, Connecticut, 

December, 1913. 



